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Solving Optimal Control Problems Using /hp-Version
Finite Elements in Time

Michael S. Warner* and Dewey H. Hodges'
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

A previously published temporalfinite element method for optimal control problemsis updated to include higher-
order hierarchical shape functions. The accuracy and power of the analysis and corresponding code are illustrated
on optimal control problems with nonlinear system dynamics, using interfaces based on symbolic mathematics
to automatically generate the necessary derivative expressions and nonlinear algebraic equations to be solved.
The class of problems includes those that can have free or fixed final time, multiple phases, nonlinear/periodic
boundary conditions, and control constraints. This code has been tested on a variety of problems, culminatingin a
three-phase, seven-state, two-control missile problem with nonlinear system dynamics, where accuracy was found
to be significantly improved over h-version results, with potential order-of-magnitude reductions in CPU time and

numbers of parameters for a given level of error.

Introduction

N Ref. 1 a new method for solving optimal control problems us-

ing finite elementsin time was proposedby Bless and Hodges. In
this formulation, the boundary conditions are all enforced weakly
through use of Lagrange multipliers. In this way, the same set of
shape functions can be used to approximate solutions to general
problemsbecause the shape functionsdo not have to meet any strong
boundary conditions. Another feature of their work is that the sim-
plest possibleshape functions (piecewise constants) are used in each
case, eliminating the need for numerical quadrature in the result-
ing equations. Other contrasts between this methodology and direct
methods for solving optimal control problems are summarized in
their paper.!

In their work,! a general FORTRAN code was developed that
could approximate solutions to optimal control problems with con-
straints on the controls and states.2~* They were able to solve nomi-
nal trajectory optimizationproblems for a complex advancedlaunch
vehicle model in remarkably little CPU time, on the order of a few
seconds. Likewise, engineers at Lockheed Martin Vought Systems
Corporation used a version of this code to compute optimal tra-
jectory updates of a missile model in 1 s (Ref. 5), showing great
potential for real-time applications.

The errors using this scheme were reasonable, reducing propor-
tionally to the square of the element lengths. However, using the
Bless and Hodges' methodology to increase the order of accuracy
in solutions, the finite element mesh would have to be refined exces-
sively at a prohibitive computational cost. Similarly, in their work,
all mesh refinement was done by bisecting all elements in a given
phase (one stage of arocketor a period of being on a state constraint,
for example).

In the current effort, two methods are proposed for reducing the
CPU times and number of parameters necessary to achieve a given
level of errorin finite element solutions to optimal control problems,
includingthose with control constraints. High-ordershape functions
are implemented in the finite element method in an effortto increase
the order of accuracy of approximate solutions. Likewise, nonuni-
form finite element meshes and nonuniform mesh refinement are
explored, providing a much larger set from which to choose an op-
timal mesh.
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The set of optimal-control problems that is defined can be solved
using the currentimplementationof high-order finite element shape
functions, including problems in which the states or the state equa-
tions are discontinuous,a class of problems called multiphase prob-
lems. Thenresults are shown for a single-phaseproblemfrom Ref. 6
that has been solved using this method, followed by a discussion
of how h-version adaptive solution refinement techniques apply to
multiphase problems, specifically a seven-state, two-control, three-
phase missile targeting problem with nonlinear system dynamics.

Optimal Control Problems
The systems being studied are governed by a set of n, general,
nonlinear state differential equations that are discontinuousat a sin-
gle pointin time

. Ji(x, u, 1), t €1, 1)
x(t) =
{fz()ﬁ”,t), t € (ty, tf]
x€R™, u€RrR™, tel0,t] (1)

The function f () is assumed to be twice differentiable with respect
to its arguments, except perhaps at ¢}, and the states and the controls
are assumed to be piecewise continuous, again perhaps except for
at f;. The final time 7, and 7, can be specified or not, whereas the
initial time is assumed to be zero. This formulation generalizes to
the case of many intermediate times, though the equations will be
developed only for the case with two phases.

For this situation, general, nonlinear boundary conditions on the
states can be specified at the initial time, the final time, just before
the intermediate time 7, ", just after the intermediatetime t1+, or some
combination of those times,

P[x(0), x(17), x(¢), t1, x(tf), 7] =0, ¥ e R™ (2)
thus allowing for periodic boundary conditions, for example.

Let J be a cost functional to be minimized for this problem in
terms of a scalar penalty on the states at the endpoints of the time
interval (or either side of the intermediate time) and/or an integral
penalty on the states, controls, and time, which can also be distinct

in the two phases,
J = ¢[)C0, )C(tl_), )C(t1+), tl, xf, tf]

i

-
+ j l Li(x,u,t)dt +] Ly(x,u,t)dt 3)
0

i
where xo = x(fy) and x s = x(fy).

The optimal control problem is to find the control time history
u(t) that causesthe system governedby Eq. (1) to meet the boundary

conditions (2) such that the given cost functional (3) is minimized.
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Admissible control histories are assumed to be bounded and con-
tinuous within each phase. Further restrictionson the control history
are also allowed in the form of inequality constraints, which can be
differentin the two phases,

,u) <0, € R«1, t€e|0,t
G(x,u) = 81(x, u) 81 [0,#) @)
8a(x, u) <0, 8 € R"2, t€(t,t/]

including the case where either n,, or n,, is zero. No more than n,,
of these can be equal to zero at any one time in either phase. The
functions g;( ) are assumed to be at least a function of the controls,
though they may also be a function of the states. Otherwise, g;() is
considered a state constraint that can be handled in optimal control
problems?® and in particularin the finite element methodology;* but
this is a complex subclass of optimal control problems that has not
been studied in this work. Control constraints are dealt with in more
detail in Ref. 7.
The constraintsin Eq. (4) are enforced through use of slack vari-
ables K, such that Eq. (4) is replaced by the equality constraints
(g)i +(Kj); =0,

i€lln,l, je2] (&)

in the jth phase, where K; is a column matrix of squared variables

(K = (k). i€[lng]. Jjel2] (6)

Calculus of Variations

In using the calculus of variations to minimize a cost functional
subject to constraints>? the residuals of the differential equations,
control constraints, and boundary conditions are adjoined to the
original cost function by means of Lagrange multipliers A(?), u(t),
and v, respectively. This yields a new cost function J' such that

J = (D[xo,x(tl_), x(t), 1y, xy, tf]

tl_ ty
+ ] (H, — A"x)dt +] (Hy, — ATx) dt @)
0

¥
I

where the Hamiltonian (distinct within each phase) and @ are de-
fined as

H=L+Afi+u" (g +K)

Hy=L,+ A"+ ul(g, + K), d=¢+ VY

To find the local minimum of J', independent variations in the
states, state rates, controls, Lagrange multipliers, slack variables,
intermediate time, and final time are taken. Ignoring the boundary
conditions as before, the expression for the variation can be found
in Ref. 3 as

8J! =] l {(Hl)uéu +[(H), + ZT]éx + 80T (f, = %)
0

tr
() 60 + [(Hy), + 2" )6

¥
I

+8ul(g + K) + chSK} dr +]

+ AT (fy =)+ 8" (g + K) + u” 5K} dr 8)

When the corresponding variations in the cost function are each
set equal to zero, the resulting equations are the standard ones out-
lined in Ref. 6, to includeinternal and endpointboundary conditions
on the costates and Hamiltonian.

Discretization of the Problem

Unfortunately,direct solution of those equationscan only be done
in relatively trivial problems, and as such the solutions to complex
problems must be approximated. Using Eq. (8), to solve §J' =0, the
infinite-dimensional problem can be simplified by approximating
the true unknown solution (states, controls, etc.) as an element of

a finite set of piecewise polynomials. The variations are then also
approximated using piecewise polynomials of appropriate order to
generate a set of nonlinearalgebraic equations (with the polynomial
coefficients as unknowns) thatcan be solved much more readily than
the two-point boundary value problemindicatedin Eq. (8). With the
problem cast in the weakest form,! the polynomials do not have to
meet any boundary conditions, and the same set of polynomials can
be used to solve a wide class of optimal control problems.

Previous work!-® used discontinuous,piecewise-constantpolyno-
mials for the main variables. This choiceis prudent for problems that
have discontinuities in the states or costates, which many optimal-
control problems do; therefore, in this effort, discontinuous shape
functions will be used.

Anotheradvantageis thatin usingdiscontinuouspolynomials, the
simplest version of those (piecewise constants) allows the integrals
in Eq. (8) to be done by inspectionrather than by numerical quadra-
ture. Even the simplest continuous polynomial approximations will
require numerical quadrature over an element.

However,because Eq. (8) has the X and Aterms underthe integral,
using discontinuous shape functions results in jump terms at each
node point when the time interval is discretized. To avoid these
jump terms while maintaining discontinuous shape functions, the
expressions A7 8x and SA” % are integrated by parts, and continuous
approximations for 6x and oA are used.

Likewise, for simplicity,a single phase is assumed, with the equa-
tions being generalized after the development. Equation (8) then
becomes

1
87" = 2T x| — AT x| + ] [H,6u + H ox — AT
0

+8A f+ A x +ou"(g+ K)+ u'oK]dt 9

The integral is then broken up into N nonoverlapping,not neces-
sarily equally spaced elements, with the time within the i th element,
t;, expressed in terms of a nondimensional variable 7 as

t(t) =1,_, + AL, 0<t<l (10)

Solving for 7 gives
‘L'=(tl‘ _ii—l)/Ati (11)

such thatdr = At; dz, and 7 is the normalized time in each element.
Substituting for the nondimensionaltime parameter yields

I =2T&x| —xTSAlY + ﬁ: At.] 1 (H,);5x; + %Tx.
0 0 =~ 1 o x/i 1 Atl' 1

1T

ox; T T T
— Alt Ai + 64, fi + (H,);0u; +ou; (g + K;) +u; 6K, | dr

(12)

In this equation, a subscripti on a variable refers to the value of
that variable within the i th element, whereas the subscripton a func-
tion indicates the value of that function evaluated using variables
within the ith element.

Shape functions for the variational quantities for the states’ are
chosen from the space C°, the space of continuous functions with
no derivatives constrained to be continuous. These shape functions
are in terms of nodal values (") and polynomial coefficients on the
element interiors (7)

p—1
Sx, (1) =%(1— 1) + 8% 7+ D.(1— 0)1f;(0)dx;  (13)

j=1
Here (p — 1) is the order of the shape function polynomial being

used, with the summation being ignored if p =1. The functions
B; () are the hierarchicalset of Jacobi polynomials of order (j — 1),
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as given in detail in Ref. 10. The costate expressions are found
by replacing x with A throughout Eq. (13). This choice of shape
functions provides well-conditioned coefficient matrices, as well as
approximate solutions to linear dynamics problems that are both
unconditionally stable and accurate.

The correspondingshape functions for the nonvariationalquanti-
ties are only continuous within the element but discontinuouselse-
where, and they are represented as

X, =0
»
xi(7) = Z a;(T) X5, 0<t<1 (14)
j=1
jel+la T =1

where the functions «;(7) are a hierarchical set of polynomials
of order (j — 1) as given in Ref. 9. Again, the 4; expressions are
of the same form, as are those for u;, y;, and K;, with £; (and
corresponding nodal values for the other variables) being discrete
values thatare distinctfrom the values of the correspondingfunction
within the element. Because the nodal values do not appear in the
main finite element equations for the element interiors (as will be
seen), they provide the anchor between the element interior values
and the boundary values of the states and costates that are defined
by the nodal values. As discussed later, these nodal values are the
reported solution, not the interior values. The enforcement of both
interior and exterior boundary conditions through the nodal values
that are weakly linked to the interior values results in solutions
that automatically tend to become more nearly continuous in the
appropriate places as either /2 or p refinements are undertaken.

Substituting the shape functions from Egs. (14) into the integral
that remains in the cost function (12), enforcing the orthogonality
of polynomialsa(t) and €(7) = (1 — 7)73;(7), and arranging terms
by their variational coefficient give

1
ST =T | % + %, — Atlj (1-1)fide
0

1

N
+ Z(Sil]- —X,‘_lyl—At,'_lj Tﬁ_ldf

i=2 0

1

+ X —Ati] (1 =r7)fidr

0

N p-1 1
+ Z S = Fije1 + Ati] €;(7) f;dr
. 0

i=1j=1

1

AT _ N
+5AN+1 —XN,1 —Ath TdeT+)CN+1
0

1
+ %] [ — Ay — Atif (1 = 7)(H,), dt
0

N

1
+ > &T =2, - Ati] (1 = 7)(H,); dz
0

i=2

1
+1i_1,1 - Ati—l] t(H,);—1dt
0
N p-1 1
LD I A A +Atij €;(7)(H,); dT
0

i=1j=

1

T(H\')N dr
0

+820 [~ Av e+ Ay —Ath

N 4 1
+ D> iy At,.] (H,)ia;(t)dt

i=1j=1 0

N P 1 14
+ Z > oy Atijo a;(t)<g + ( > a,(r)l%i,) de

T
N 14 1 r
+ 0> sk Atij 2a,~(r)( > a,(r)ﬁ,.,)
. 0

j=1

»
X( Z aj(r)Eij) dr (15)

j=1

The variational coefficients are independentand arbitrary due to
the weak form of the equations. Therefore, for the variation of J'
to be zero, the expressions multiplied by the coefficients must be
identically zero. That is, if all of the expressions in brackets in the
Eq. (15) are zero, the first-order necessary conditions for optimal
controlare approximated.To supplementthe equationsderived from
setting Eq. (15) equal to zero, the following boundary conditions
need to be enforced®
Mam =0 AL - 2= =0

0xy o0xy
oD
H(tf)+—=(), VY =0 (16)
otr

Note that the only nodal values of the states and costates that
appear in this formulation are those at the endpoints of the time
interval. The nodal values for the states and costates on the interior
of the phase can be generated from a relationship similar to the
equation for the value of the final node, that s,

1
Riv1 =i +Ati] tf; dt 17)
0
using the othernodal and interiorvalues thathave been solved for al-
ready. Once this is done for the states and costates, the interiornodal
values for the controls, slack variables, and control constraint La-
grange multipliers are calculated as a local problem by using New-
ton’s method on the optimality condition on the controls (H, =0)
along with the control constraints. These values are then reported
as the approximate solution.

For problems with M > 1 phases, the expressions in brackets in
Eq. (15) simply hold over each phase, taking care that the appro-
priate system equations, constraints,and cost functions are used for
each phase. The boundary conditions are then supplemented with
equations for the discontinuitiesin the Hamiltonian and costates at
the ith boundary (i € [1, M — 1]) (Ref. 6):

oD 0D
AT(t7) = , AT(th) =-
() ax(t]) @) ox(t")
Hio (1)) = Hi(17) + aa;j) (18)

i

Thus, the two-point boundary value problem is approximated by
the set of nonlinearalgebraic equations derived from Eqgs. (15) and
(16). To solve an eight-state, two-control problem, such as the one
described in a later section, using third-order shape functions and
64 elements, this results in over 3000 equations.

Implementation and Results

The FORTRAN code, called GENCODE, that was originally de-
veloped by Bless and Hodges (as described in Ref. 2) to solve these
nonlinear equations has been expanded and revised. In essence,
GENCODE is a restricted-step Newton-Raphson code, specialized
for the case of the equations derived from Egs. (15) and (16). Most
of the code consists of setting up the Jacobian matrix in a certain
structure, depending on the order of shape functions used and the
finite element mesh.
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GENCODE previously was written to solve these equations when
the order of shape functions was zero uniformly across all ele-
ments. Now, GENCODE can handle shape functions of arbitrary
order (within memory limitations of the computer) that vary arbi-
trarily among the elements, though all variables in an element are
represented by polynomials of the same order.

Similarly, in the previous version of GENCODE, the elements
in each phase were of equal length A¢, and thus, mesh refinement
consistedof auniformbisectionof eachelement. The current version
allows for an arbitrary distribution of elements, assuming, of course,
that each point in the time interval is either a part of exactly one
element or on an element boundary.

A restricted-stepNewton-Raphsoniterationdiffers from the stan-
dard iteration in that if the full Newton step yields a value of the
target function that is an insufficient improvement over that of the
starting point, perhaps even yielding a higher value, the step size is
halved, and the cost is evaluated at the new point. This process is
repeated until a sufficiently improved point is found with the step
size then being reset to unity.

The determination of the step direction requires the solution of
the linear system of equations. For optimal control problems, each
equation that is not a boundary condition depends at most on values
in two neighboring elements, so that the Jacobian ends up being
quite sparsely populated. The sparsity is exploited by the use of
sparse linear systems solvers from the Harwell subroutine library.!!

The Jacobian matrix for optimal control problems involves par-
tial derivatives of the system equations, boundary conditions, and
control constraints with respect to all relevant states and controls.
Likewise, the Jacobian also requires expressions for the o(7) and
€(7) polynomials from Eq. (15) that come from a recursion formula
involving derivatives and integrals of polynomials, as developed in
Ref.9. The symbolic mathematicscomputerpackage MACSYMA 12
was used to generate analytical expressions for all of these quan-
tities. GENCODE then assembles all of the analytical expressions
to calculate the Jacobian matrix and the residual column matrix
for Newton’s method. Note that these same routines are also avail-
able in MAPLE"® format. This leaves the user to supply the initial
guess for the Newton iteration, which includesall of the polynomial
coefficients for the shape functions plus the values at nodes for all
variables. Depending on the problem, supplyingthe initial guess can
be anywhere from a trivial to a complex task, and no new insights
into this selection process have been gained in this work.

The integralsin Eq. (15) are approximatedusing Gauss-Legendre
integration,' with the user selecting the number of Gauss points,
which at this time is constant for all of the integrations.

Single-Phase Problem

In perhaps the simplest representation of an aerospace problem
with nonlinearsystemdynamics, this first probleminvolvesthe max-
imum velocity transfer to a particle of mass m to a specified hor-
izontal flight path in a fixed time (see Ref. 6, p. 59). The mass is
acted on by a force of constant magnitude ma and variable heading
B(t). The particle beginsat the origin (x =y =0) with zero velocity
(u =v =0), and after a certain length of time t;, the particle will be
in horizontal flight at a given altitude.

The final horizontal position x(Z,) is unspecified, and the final
horizontal velocity u(z) is to be maximized. The cost function is
then

J =u(tf) (19)

with the boundary conditions being supplemented by two condi-
tions from the costates: A,(#,) =0 due to x(Z,) being free, whereas
Au(ty) =1 because u(t,) is being maximized.

Reference 6 gives the analytic solutionin terms of the initial force
heading angle, the final time, and the final altitude in unspecified
units. These values were chosen to be 75 deg, unity, and unity,
respectively.

This problem was set up in GENCODE by the user inputting
the differential equations, constraints, and cost; then MACSYMA
generated the necessary FORTRAN expressions. The FORTRAN
code was then compiled and run, using the initial guess supplied by

the user for each shape function coefficient for each variable. It was
run for a variety of combinations of finite element parameters.

For any significant refinement of the mesh or increase in the
shape function order, the plots of the approximations all lie atop
one another and the exact solution, and so error plots are used to
show the accuracy of each approximate solution. The L? norm of
the error on the interval [0, ¢ f] was chosen inasmuch as it takes into
account errors through the entire time interval.

Because the exact solutions for this problem are available, Fig. 1
shows the L? norm of the error time histories relative to the ex-
act solution for the states and costates combined as a function of
the CPU time (on an Hewlett Packard-UX workstation) involved
in calculating solutions. Each line represents a different order of
approximation polynomial, and the data points start with a four-
element solution and move by powers of two. The initial guess for
each case was interpolated from the converged solution for the case
of half as many elements (or for one fewer shape function coefficient
if only two elements). The CPU times are cumulative along each
line, with the first data point representing the time necessary to con-
verge from the lower-order solution. Figure 2 shows the same error
data vs the number of free parameters in the problem, which equals
the dimension of the Jacobian. Note that the zero-order curves are
equivalentto the work of Hodges and Bless.!

Once an initial solution was obtained for low-order shape func-
tions and a small number of elements, the code converged easily
as these parameters were changed. Not surprisingly, the overall er-
rors reduced as the order of shape functions increased and as the
number of elements increased. The higher-order shape functions
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also performed better using the CPU time as a criterion. Likewise,
depending on how much CPU time was available, different orders
of shape functions proved to provide the most accuracy: the second
order for CPU times less than 3 s and the third order for times higher
than that.

However, not all means have been exhausted to improve the /-
version solutionsto these problems. Beyond simply uniformly dou-
bling the meshes and increasing the shape function orders, more pru-
dent selection of the element mesh and shape function orders could
bringdown the computationaleffort while still reducingand smooth-
ing errors. Starting with a coarse discretization, the error could be
estimated in each element, and a new distribution of elements and
higher-order shape functions could be determined to smooth and
reduce this error estimator, ideally smoothing and reducing the er-
ror itself. Some indicators available to gauge error for use in such a
process are examined in Ref. 15.

Multiphase Problem

The example multiphase problem to be used is a missile inter-
cept problem maximizing impact velocity, using a generic missile
model developed by Lockheed Martin Vought Systems Corpora-
tion (LMVS), then the LTV Aerospace and Defense Company. The
equations of motion for this seven-state model were developed by
Hodges and Johnson!® and are summarized here. Note that three
frames of reference are used: an inertial frame in which to represent
the gravity and position states, a wind frame to conveniently deter-
mine the magnitudes of lift and drag, and a body frame to represent
the orientation of the thrust vector and aerodynamic forces.

Let the orientation of the missile be defined by Rodrigues param-
eters,'” expressed as a column matrix 6, so that the direction co-
sine matrix between the wind frame and the inertial frame can be
expressed as

(1-10"0)1 + 100" — 0

C = T %QTQ (20)
with
6 0 -6 6
0=< 6 », o=1| 6 0 -6 21
6, -6 6 0

Rodrigues parameters are chosen because any possible singularities
in the orientation angles between the wind frame and the inertial
frame are moved to plus or minus 180 deg, which in this case means
the problem will be free of singularities. It is noted that there is
an excess of configuration variables used here, and an additional
constraint is needed. This extra constraint is chosen to be a non-
holonomic constraint on the angular velocity vector, namely, that
the inertial wind-frame angular velocity component along the wind
direction is equal to zero. This has the effect of yielding simpler
equations, as can easily be verified.

The kinematic equations can then be derived from Newton’s sec-
ond law in terms of three Cartesian coordinatesin the inertial frame
x = {x, X, x3}7 plus the magnitude of the velocity vector V

x=VCTe (22)
V =(1/m)e! Fy (23)

Note that x; is defined positive north, x, is positive east, —x; is the
altitude, m is the mass, and e, = {1, 0, 0}7.

From the angular velocities comes an expression for derivatives
of the Rodrigues parameters,

0 =(1/mV)(I + 10+ Loo")e F, (24)

as outlined in Ref. 16, with &, defined similarly as 0 earlier.

In the preceding expressions, Fy, is a column matrix containing
the measure numbers of the resultant force on the missile, expressed
in the wind frame basis, dueto the lift L, the drag D, the thrust 7', and
the weight mg (assuming a flat earth as the inertial frame). Thrust
and drag are assumed to be along the axis of the missile, which are
related to the wind axis by means of an angle of attack o and a bank
angle ¢. Meanwhile the weight is in the e; direction, with the mass

of the missile as fuel is burned being given as a function of time in
tabular form by LMVS.
The lift and drag were assumed to have the standard forms of

L = %CLpVZS, D = %CDpVZS 25)

where the atmospheric density p is derived from an exponential
atmospheric model, S is a given reference area, whereas the lift and
drag coefficients, C; and Cp, are given in tabular form for various
Mach numbers and angles of attack. The thrust 7' is given as

T =T,— A,p, (26)

where A, is nozzle exit area, p, is the ambient pressure, and 7j is
the thrust produced by the missile, given by LMVS as constants for
each of three flight regimes.

Here o is always considered positive, which allows ¢ to be be-
tween —m and + 7. However, due to symmetry in the missile, speci-
fying ¢ between —m/2 and + /2 adequately describes all possible
aerodynamic states of the missile. Unfortunately, this formulation
leads to singularities when a approaches 0. Therefore, a different
control formulationis used in this work.

In Ref. 16, a control formulationis postulated based on Lagrang-
ian equinoctial variables'® to avoid singularities when o =0. In this
formulation, o and ¢ are replaced by 3, and S5, which are defined
as

B, =cos¢tanc, B; =sin¢gtana 27

with the auxiliary variable 8 defined by
B =p+p=tan’a (28)
always taking the positive square root.

With this transformation, when o should be zero, both 3, and
B are zero, and indeed they are continuous as a approaches zero.
Back calculating ¢ inevitably results in discontinuities as inverse
sines, cosines, and tangents are taken, especially when 3, and S;
move through zero. In particular, the bank angles shift between 7/2
and —x/2. However, by missile symmetry, these orientations are
equivalent, and the discontinuity does not affect Newton’s method
because the direction cosines of the body frame in the wind frame
vary smoothly.

Intheresultingtransformedproblem,the liftand drag coefficients,
C, and Cp, are replaced by even functions of 8, C;, and C,, such
that

Cp=—2 (29)

Cl = C—L—,
BT+ B 1+ p2
These new quantities are then splined in the same way the old aero-
dynamic data were, only this time in terms of  and the Mach
number.

Note that in Newton’s method, derivatives with respect to 3, and
B3 will resultin singularitiesnear o = 8 =0, and so special handling
of these derivatives has been done as outlined in Ref. 16.

Thus, the missile problem has seven states (three position states,
three orientation states, and the magnitude of the velocity) plus
two controls (B8, and f5). The problem is to find the control time
histories for the missile that maximize the magnitude of the velocity
at the final time, V(¢/) [thus, J/ = =V ()], while meeting both the
initial conditions and terminal conditions based on those specified
by LMVS, which are as follows:

x1(f) =0.0m xi(t;) = 15,000 m
x(fp) =0.0m x:(t7) = 15,000 m
x;(tp) = —-3.0m xX3(t7) = —12,000 m
6.(19) = 0.0 6.(1) =0

0,(19) = 0.68865 O(t;) =2(V2 - 1)
6;(1p) = 0.0 6s(15) =0
V() = 19.6673 m/s (30)

where the final time 7, is 25 s.
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The equations are singular when the velocity is zero, and so it
was assumed that the missile was being fired out of a tube, and then
the exit point from the tube was used as the initial condition. Note
that x3 is the negative of the altitude, so that the problem begins with
the missile 3 m above the ground. The initial azimuth angle ¥ is
zero, indicating that the launch tube is pointed north and the initial
flight-path angle y is 38 deg. The final constraintson the Rodrigues
parameters are equivalent to specifying that the missile again must
be pointed north, pitched up 45 deg from horizontal. Though the
missile is pointed north at the beginning and the end of the time
interval, because the final value for x, is nonzero, the missile will
not remain in a single plane.

Along with these endpoint boundary conditions, interior bound-
ary conditions are provided because this is a multiphase problem
with the engine thrust specified as separate constants over three
given time intervals. In this case, these conditions are merely conti-
nuity equationsacross the time nodes at the two intermediate times,
which are 7 and 15 s, respectively.

Generating initial guesses for this problem was much more com-
plicated than for the previous problems where a guess of unity for
all variables would be sufficiently close for Newton’s method to
converge to the actual solution. Between using largely out-of-scale
variablesplus nonanalyticexpressionsfor the mass, atmosphericpa-
rameters, and aerodynamicdata, much more accurateinitial guesses
were needed.

Appropriate guesses were generated by marching from the sim-
plified missile model discussed earlier to the final missile model,
one step at a time. Larger thrust was added, then higher mass, then
more distant target point, and so on, until the full missile model
was being used. At each stage, the initial guess from the previous
model was used, and scaling coefficients were used to ease into
each new model like an ad hoc homotopy method. Obviously, the
discretization method cannot save one from the underlying short-
comings of the nonlinear algebraic equation solver, for example, a
Newton-Raphson method. (Note, however, that the discretization
method does provide a very sparse system that is quite economical
to solve and for which initial guesses are generally easy to ob-
tain. Moreover, the solutions are sufficiently accurate in their own
right and certainly useful to be used as initial guesses for exact
methods.)

Ultimately a solution to the complete three-phase problem was
achieved for the A-version finite elements. This nominal solution
had 23 total elements, 9 in the first phase, 2 in the second, and 12
in the third, denoted as the 9:2:12 mesh. The mesh is uniform in
the second and third phases, and the nine elements in the first phase
resulted from repeatedly bisecting the first element of an original
four. Numerical problems with the lift and drag created this need for
smaller elementsin the first phase. This problemis further discussed
later in this section.

With a nominal solution in place, the code then easily converged
the first time for a wide variety of element distributions (both with
a finer and coarser mesh) and increases in the order of shape func-
tions. The approximate solution using piecewise linear shape func-
tions over 81 elements (27 per phase, uniformly distributed) are
given in Figs. 3-7. This solution involved over 117,000 nonzero
Jacobian elements, essentially the maximum number of variables
the code could handle on the Hewlett Packard-9000 workstation
before running out of memory. This solution is indistinguishable
on a graph from the one using piecewise-quadraticor higher-order
shape functions, and it was chosen to maximize the number of
data points along the approximate solution, providing the smoothest
plots.

Figure 3 shows the position states, all of which vary smoothly.
Next is the velocity in Fig. 4, which is smooth in each phase but
changes slope at each phase boundary because the thrustis throttled
back. Figure 5 highlights the Rodrigues parameters. Note the steep
climb in each of the parameters within the first second. Similarly,
Figs. 6 and 7 highlight the rapid changes in the control variables
(both the Lagrangian equinoctial variables and the corresponding
orientationangles) over the first second. These changesnecessitated
extra elements to accurately capture this behavior. Because of space
limitations, plots of the costates are not shown. However, they are
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Fig.5 Rodrigues parameters for missile problem.

calculated with the same degree of accuracy as all other variables
in the current methodology.

The accuracy of the solutions in the first couple of elements is
limited by the data given by LMVS for the lift and drag coefficients.
Subsonic data were only given for a Mach number of 0.2. Likewise,
no data points were given above 40-deg angle of attack. In Figs. 3-7,
this only affects the first 0.05 s, but the effects become more far
reaching when the initial element is longer.
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Fig.7 Orientation angles for missile problem.

Error Analysis

Just by looking at Figs. 3-7, very little difference could be dis-
cerned between solutions for different orders of shape functions,
except inasmuch as the increase in order of shape functions limits
the number of elements possible with a finite amount of computer
memory.

In attemptingto analyze the error, two main problems arose. First,
error plots are difficult to produce because the exact solution is not
known for this problem. Likewise, with so many states and a limited
amount of computer memory, reference solutions could not be cal-
culated on arbitrarily fine meshes, even with an unlimited amount
of CPU time. Thus, to provide a balance between needed accuracy
and the desire to have an approximation to the exact solution avail-
able at as many nodes as possible, a piecewise-quadratic solution
onan 18:8:12 mesh is used as the representativeexact solution. The
18 elements are not uniformly distributed, though the 8 and 12 are.
Obviously this approach has limitations; the accuracy of the refer-
ence solution is simply not knowable. However, under the current
computer limitations, the present approach combines accuracy with
having a reasonably coarse mesh.

A second problem in error analysis for this problem is one of
scaling. Whereas errors can be studied for each state, in this work,
each state is consideredequivalent,and the 2-norms are used for the
error at each element boundary. From Figs. 3-6, clearly the states in
this problemare of a wide range of scales. The maximum Rodrigues
parameter is less than unity, whereas the position states range to
over 10,000. It is clear that the Rodrigues parameters change least
smoothly, especially in the first second. These errors are completely

lost relative to the other errors when taking the 2-norms of unscaled
variables.

To alleviate this, the state variables were all multiplied by scaling
factors to balance the large and small variables. The state differential
equations were scaled similarly. The optimal Lagrange multipliers
are then the previous values divided by the same factors as their cor-
respondingstates. GENCODE has been modified to expect scalings
for the states and costates. After trying differentscalings to achieve
a good balance, the final values are given in the Table 1.

With these scalings, the maxima of each state and its correspond-
ing costate are all within 20% of each other, with the overallmaxima
in the eight states and eight costates ranging from 7 to 75. Time and
its costate are the largest, whereas 6; and its costate are the smallest.
The overall range of maxima cannot be reduced significantly with
this particular, admittedly simple, variable scaling.

With the variablesnow more reasonably scaled and with the exact
solutionapproximated, the absolute error in each state, each costate,
and each control were calculatedat each elementboundary for which
the exact solution was available. These errors were calculated for a
range of element distributions and shape function orders, at which
point the L2 norm of these error time histories were then calculated.
These values were then plotted vs the number of unknowns and the
CPU time necessary solve the problemin Figs. 8 and 9.

To compare with results from the earlier section, uniform meshes
and uniform refinements were desired. The smallest mesh on which
the code would converge for an equal number of evenly distributed
elements was four elements per phase (4:4:4). However, from that
starting point, the code would not converge when splitting to eight
elements per phase. Thus, six uniformly spaced elements per phase
(6:6:6) were tried, inasmuch as that provided the most opportunities
for uniform splits before running out of computer memory.

As the parameters plot shows (Fig. 8), the errors can be signifi-
cantly reduced by changing to higher-order shape functions rather
than continuously uniformly refining the mesh, with reductions
demonstratedup to 60%. However, the CPU time plot (Fig. 9) high-
lights the cost of these particular parameters: Doubling the number
of elements for the first-order solution was no more efficient than

Table1 Scaling factors for variables
in the missile problem

Variable Scaling
X1 0.0017
X2 0.002
X3 0.003
Vv 0.04
6 23
6 13
6 20
t 3
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&—a Order = 0, 6:6:6 mesh
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Fig.8 Absolute error in states and costates vs number of parameters.
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Fig.9 Absolute error in states and costates vs CPU time.
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Fig. 10 Absolute error in states and costates vs CPU time.

simply using zeroth-order elements, though the results were better
for the 9:9:9 solution because the code converges more easily with
more elements in the first phase.

Note, however, that in determining the usefulness of higher-order
shape functions, in some sense these CPU time plots are not as im-
portant as the parameter plots. All of the CPU plots presented in
this work are cumulative times for moving from an initial solution,
uniformly refining until the computer memory is exhausted. This is
very important in comparison with adaptive schemes for determin-
ing the best mesh because this determines how quickly the code can
get to a mesh with a certain level of accuracy. However, in labora-
tory simulations, this is notas importantas simply having a solution
with the best accuracy for a given number of parameters. In that
case, the CPU time that will subsequently be involved in analysis
of that trajectory is simply proportional to the number of elements.

That having been said, the next two plots are rather ironic. Dis-
carding the notion of starting with a uniform mesh, Figs. 10 and
11 show how the errors reduce as the mesh is uniformly refined
beginning with the 9:2:12 solution, which was the first converged
solution to be discovered. Figures 10 and 11 highlighthow impor-
tant starting with a good solution is: The 6:6:6 solution was on the
edge of those solutions that could converge, and as such the code
had great difficulty in advancing that solution; hence, the CPU time
plots for the 9:2:12 mesh are much better.

However, the number of parameters is not so clearly brought
down by higher-ordershape functionsin this case, perhapsreflecting
the nature of how the error is not calculated from an actual exact
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Fig.11 Absolute error in states and costates vs number of parameters.

solution. This is especially likely in the third-order solution results.
Likewise, by ignoring the first data point in each line, which is
clearly driven by the errors in the time costate, the lines look more
as expected. The CPU plots (Figs. 9 and 10) ignore these first points
because this is the nominal solution for which no consistent way of
comparing CPU time exists.

What remains to be seen is how the accuracy of solutions could
be improved through a more sophisticated method of refining the
mesh. This question is left to a future paper.

Conclusions

Hierarchical higher-order shape functions were included in the
finite elements in time formulation for solving optimal control prob-
lems. The code is currently in place to use these shape functions to
solve optimal control problems with nonlinear system dynamics,
using interfaces based on symbolic mathematics to automatically
generate the necessary derivative expressions. Problems can have a
free or fixed final time, multiple phases,nonlinear/periodicboundary
conditions, and control constraints. This code has been tested on a
variety of problems, culminating in a three-phase, seven-state, two-
control missile problem with full nonlinearsystem dynamics, where
accuracy was found to be significantly improved over h-version re-
sults, with potential order-of-magnitudereductionsin CPU time and
numbers of parameters for a given level of error.
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